We introduce the notion of general K = −1 Friedman-Lemaître (compact) cosmologies and the notion of averaged evolution by means of an averaging map. We then analyze the Friedman-Lemaître equations and the role of gravitational energy on the universe evolution.
Introduction
An implicit assumption of the Friedman-Lemaître cosmologies as models of the actual universe is that, because matter distribution at large scales (visible or not) appears to be "to a good extent" homogeneous and isotropic, the large scale evolution of the universe should be modeled as driven "to a good extent" by an exactly homogeneous and isotropic material distribution. The assumption, now known as the averaging problem in cosmology, needs quantitative approval or disproval (see [1] ).
Phrasing the problem in a question one asks: is the large scale evolution affected by the small scale structure?. The reason of the difficulty lies evidently in the nonlinearity of the Einstein equation. An averaged source of matter doesn't give rise necessarily to the average of the original solution. We will discuss this and other issues from the perspective of general cosmological models, i.e. the study of arbitrary solutions of the Einstein equation in the Hubble gauge (constant mean curvature (CMC) gauge) provided with a set of Friedman-Lemaître equations giving the cosmological interpretation to the framework.
The standard K = −1 FL cosmology describes the universe history by the evolution of the energy and pressure densities of the different type of matter present. Starting from a "big-bang" where the densities and the space-time curvature blow up, the universe evolution is described as eternally expanding, with decaying densities and space-time curvature at a particular pace according to their matter type. Such a description is analytically possible due to the homogeneity and isotropy of the space which reduce the Einstein equations into a set of ordinary differential equations, the so called Friedman-Lemaître equations. We will deal here with compact cosmologies, i.e. space-times with compact Cauchy surfaces of hyperbolic type. When speaking about homogeneity and isotropy of a compact cosmology we will refer to those properties in the universal cover solution. In its formal terms the geometric structure of the space-time is described by a metric of the form g = −dτ 2 +a 2 (τ )/V 2 3 H g H on a four-manifold R × Σ where Σ is a compact hyperbolic manifold i.e. a manifold admitting a metric of constant negative sectional curvature and where V H is the volume of Σ endowed with the unique hyperbolic metric (the one with sectional curvature equal to negative one). If the densities of energy and pressure of the material fields are ρ(τ ) and p(τ ) the FL equations are
where H = a /a is the Hubble parameter and G is the gravitational constant. These equations must be complemented with an equation of state p(ρ). An obvious observation about these models is that they do not have any pure gravitational degree of freedom besides the gravitational field generated by the matter present. This fact is seen by making ρ = p = 0 and observing that in that case the solutions are flat. We call these flat solutions flat cones as they can be obtained as quotients of a future light cone in Minkowski space-time. For non homogeneous and isotropic solutions there is no way to define which part of the gravitational field is generated and which part is free, as those properties (if anything) would be potentially defined only in special solutions or in asymptotic regimes. There are simply two fields interacting, gravitation and matter. In this sense, the gravitational field adds a new degree of freedom to general cosmological models which needs to be quantitatively described.
We have found that a satisfactory way to analyze arbitrary solutions to the Einstein equations on the light of the questions raised by cosmology and those raised by the FL models themselves, is to introduce the notion of general cosmological model: an arbitrary solution to the Einstein equations in the Hubble gauge, provided with a set of Friedman-Lemaître equations giving its interpretative cosmological meaning. Unlike the FL models where the FL equations are enough to describe the evolution, in general cosmological models one must rely on the full Einstein equations to predict the behavior of the terms involved in the general FL equations and therefore interpret the solutions in cosmological terms. One purpose of the article is to start a rigorous analysis of the general FL equations using the full Einstein equations.
An arbitrary solution g on a space-time manifold R × Σ where Σ is a compact hyperbolic manifold, is in the Hubble gauge if the mean extrinsic curvature k of the equal time Cauchy surfaces is constant.
The foliation R × Σ is called the CMC foliation. It is well know to be unique, intrinsically defined, an with the mean curvature k varying monotonically on it, in particular k or H (as we will se the Hubble parameter is H = −k
3 ) can be taken as a time variable. It is important to remark that unlike other gauges, the Hubble gauge is intrinsic, i.e. it is implicitly given by the solution. Let's write the metric
where N is the lapse function, X the shift vector and g is a spatial three-metric on Σ. To write the general FL equations one defines the radius a(k) at the time k as a(k) = V (k) 1 3 and the proper time τ (k) at the time k through (see [2] for a related approach)
With these definitions the FL equations (deduced from the Einstein equations, see subsection 3.1) are
2. Second FL equation :
Where N = N N (bar denotes volume-average) and has average equal to one. The derivatives, denoted with a prime are proper time derivatives, i.e. = d dτ .K is the traceless part of the second fundamental form K. Compared with the second FL equation 2 in a perfect FL cosmology we observe the appearance of the weight term N which inexorably couples matter to gravitation and a purely gravitational term of |K| 2 which is essential and represents the additional gravitational degree of freedom mentioned before. A particular solution is a FL model iffK = 0 and N = 1.
On the light of general cosmological models, a fundamental question is to quantify the evolution of the different terms that appear in the FL equations. It is important to realize that the ultimate goal would be to understand the FL equations for solutions which are realistic at small scales, i.e. at the natural scale of the flow. This is a difficult problem, however we will argue that we can have an starting point if precise assumptions are made. Namely, in subsection 3.5 we will introduce assumption (C), a precise quantitative hypothesis on the behavior of arbitrary solutions at late times, from which we will make explicit estimations of the different terms involved in the FL equations. Assumption (C) is a close relative of the weak cosmic censorship conjecture of Penrose, conjecture stated in an asymptotically flat context. In rough terms, assumption (C) precisely describes a family of solutions and divides it in two classes: radiation and mass gap. A radiative solution is an ideal solution in which no sort of compact object emerges along evolution, i.e. universes filled only with radiation. We will study this case in detail, although only for gravitational radiation. The technique may be applied to other radiative contexts as well. In this case the gravitational field can safely be isolated from the rest, and one can safely interpret |K| 2 16πG = ρ G = p G as the effective energy and pressure densities of gravitational radiation. These densities are quantitatively studied along with the decay of N to one. The estimates are given in Theorem 1 (see statement below) which in addition give estimates on the Bel-Robinson energies Q i . Altogether Theorem 1 provides a detailed structure of the radiative solutions and is one of the main result of this article.
Theorem 1 (Expansive smoothing and energy estimates). Let Σ be a compact and rigid hyperbolic manifold. There is an > 0 such that the Einstein CMC flow of a cosmologically scaled initial state (i.e. with H = 1) (g, K) with V − V inf ≤ andẼ 1 ≤ has the following long time properties (take t = 1 H ):
1. The limit lim t→∞ t 3 Q 0 is finite and greater than zero.
there are n
3. for given γ > 0,
In particular the cosmologically scaled flow of a H i × H i−1 state (for any i ≥ 1) as in the hypothesis above converges in
Theorem 1 is in PDE terminology a small data statement. The small data condition is stated as saying that the reduced volume V = H 3 V is -close to its infimum and the first Bel-Robinson energy E 1 -close to zero. These two conditions can be seen to be equivalent [3] to the statement that the initial data (g, K) is close in the Sobolev space H 3 × H 2 to the flat cone state (g H , −g H ) where g H is the unique hyperbolic metric (up to diffeomorphism). A hyperbolic manifold is called rigid if it doesn't admit traceless Codazzy tensors (see [6] for a discussion). The topological condition of rigidity is important to get the precise estimates above. It is possible to get estimates in the non rigid case but they are different, in particular those on the gravitational energy. The importance of rigidity is that it allows the control of the H 2 norm of harmonic metrics with respect to the hyperbolic metric (spatial gauge) only by their Ricci tensor.
The estimates in theorem 1 are compatible with what one would expect is a radiative behavior.
According to the standard FL models an exact radiative behavior would imply a pointwise decay on the gravitational energy density of the form
The estimate in items 3 and 4 in theorem 1 says that in some averaged sense the global gravitational energy decays with a rate between the radiative t −1 and the faster t −2 . It would be interesting to improve (if possible) the estimate from below in item 3.
In rough terms the mass gap solutions can be described as those for which after a sufficiently long time there appear a finite set of isolated stationary solutions separating from each other and with radiation in between. This qualitative description is made quantitative in assumption (C). We analyze the averaging problem for these mass gap-solutions. A convenient setup for the analysis is to define the notion of averaged space, a Lorentzian manifold constructed out the averaged parameters a(k) and τ (k) of the original solution. The averaging problem can be stated as asking to which extent the averaged space is close to a FL model. A remarkable consequence of applying assumption (C) is that the second FL equation is estimated as
whereM ADM is the volume average of the ADM masses of the emerging stationary solutions, and ρ,ρ G ,p,p G are the volume averages of the densities of energy and pressure of material and gravitational radiation respectively, filling the space in between. However one must remark that despite all the satisfactory equation 8 may look, it is based on an idealized assumption and on its apriori estimates which so far need to be justified. Also the quantitative description they provide is only asymptotically in time, and not throughout the full evolution.
A quantity underlying all the averaging formalism is the so called reduced volume [9] , defined above as V = H 3 V . It decreases monotonically, and is bounded below by the topological invariant V H . It has been used in [3] to show the long time geometrization of the Einstein flow under curvature bounds. Here it is manifested throughout the article in different forms. Its monotonicity is shown to be equivalent to the universes deceleration and is used to get the estimate in item 3 in Theorem 1.
We will introduce an use an equivalent quantity that we will call the global CMC energy defined as
Rather remarkably, the CMC energy is shown to express the full ADM energy of the time-asymptotic evolution only in terms of the total volume, the Hubble parameter and the topological invariant V inf .
The contents and sections are organized as follows. In section 2 we introduce the main equations for the Einstein-CMC flow as well as Bel-Robinson energies and their main formulae. In section 3 we introduce the averaged cosmological parameters and the Friedman-Lemaître equations. The treatment has no restriction on the sort of matter. We introduce the Newtonian gravitational potential φ, its
Poisson-like equation and reformulate the FL equation with it in subsection 3.2. As it turns out the Newtonian potential is the main field to estimate when the purpose is to estimate the universe deceleration and the Hubble parameter as a function of red shift z. In subsection 3.3 we introduce the CMC global energy and relate it in subsection 3.4 with the ADM energy in the weak field limit, analysis extended in subsection 3.5 to arbitrary solutions under assumption (C). In subsection 3.6 we discuss the averaging problem on the light of assumption (C) for the mass gap regime. We will use the CMC energy to estimate the gravitational energy in section 4. Also in section 4 we prove the main estimates of theorem 1. The technique may be thought as estimating the gravitational field through a Taylor expansion (in time) of the zero-order Bel-Robinson tensor and is a natural extension of the analysis in ( [6] ). In section 5 we construct "big-bang" states of high gravitational energy showing that there is no mathematical reason to assume a low gravitational energy at the initial "big-bang" state.
The dynamics of those states even in short times is a completely open problem, in particular it is not know whether the initial rate of expansion with respect to proper time is of matter, radiation or of a type like non of both. In section 6 we give an account of the main points of the article.
2 The CMC flow equations and the Bel-Robinson energies.
The CMC flow.
In this section we consider the formal setup of the Einstein CMC flow equations. A detailed account can be found in [3] . Consider Σ a compact hyperbolic three-manifold. A cosmological solution to the Einstein equations with compact Cauchy surface Σ is formally a Lorentz metric g on a four manifold of the form I × Σ (where I is a interval) and where the equal time hypersufaces Σ t are space-like i.e. the induced metric is Riemannian. If the mean extrinsic curvature (k = tr g K) is constant on each slice of the foliation {Σ t } then we say that the cosmological solution is in the (temporal) CMC-gauge.
When the spatial topology is a hyperbolic manifold the mean curvature k cannot be zero (due to the energy constraint and the fact that Σ doesn't accept metrics of non-negative scalar curvature) and it can be proved to be strictly monotonic over a unique and connected interval. For a three manifold of hyperbolic type in particular it is conjectured that the CMC foliation has a range of k equal to I = (−∞, 0), i.e. from a "big-bang" when H → ∞ towards an infinitely expanding universe when H → 0. Say ∂ t = N T + X where T is the unit normal to the slices and t = k. Write the four metric
where g is the spatial three dimensional metric. N is called the lapse and measures the rate of proper time with k (locally). X is called the shift vector field and can be chosen freely but compatible with the regularity. For a discussion of the initial value formulation in the CMC gauge we refer the reader to [3] . We call the path (g, N, X)(k) the CMC flow. A CMC state is a pair position-normal velocity (g, K) (where K is the second fundamental form and is equal to
Thus the CMC flow gives rise to a flow of position and velocities (g, K)(k). With this notation the Einstein equations
can be seen as the CMC flow equations (taking t = k)
1. Hamilton-Jacobi equations
2. Constraint equations (energy and momentum respectively)
3. Lapse equation (deduced from equations above)
The T-term in the right hand side of equation 13 must be thought to be restricted to Σ. Also as usual
is the average of the principal pressures. In equation 15,
Finally the speed of light was taken to be c = 1.
The Bel-Robinson energy and the space time curvature.
We will measure the L 2 norm of the space time curvature relative to the CMC gauge. We will also need to measure the L 2 norm of their time derivatives relative to the normal direction to the CMC foliation. There is a remarkable way to introduce them and it is by means of Weyl fields. Although we won't discuss Weyl fields in detail as there are very accurate references on the subject ( [7] , [6] ), we will mention the most used properties here and briefly elaborate on their conceptual importance as variables controlling the gravitational field.
Definition 1 A Weyl field is a traceless (4, 0) space time tensor satisfying the symmetries of the curvature tensor Rm. We will denote them by W abcd or simply W.
The Riemann tensor of a vacuum solution to the Einstein equations is a Weyl field that we will denote as Rm = W 0 . Let T be the normal field (future pointing) to the CMC foliation. Then
Together with the volume radius ( [3] ) and the L 2 norm of the second fundamental form K they are an important set of variables that control the gravitational field (i.e.
the metric g relative to the foliation) see [3] . A central advantage for taking them as variables is that they enjoy remarkable algebraic properties that simplifies the space time algebra considerably. We discuss the main formulae below. Given a Weyl tensor W define the left and right duals * W abcd = 
Define the current J(W) and its dual J * (W) as
For the Riemann tensor in a vacuum solution to the Einstein equation we have J = J * = 0 due to the Bianchi equations. This is a central fact that will be of fundamental importance latter. We also have
The L 2 norm with respect to the foliation will be defined through the Bel-Robinson tensor. Given a
Weyl field W its Bel-Robinson tensor is
It is symmetric and traceless in all pair of indices and for any pair of timelike vectors T 1 and T 2 ,
). In particular we define the L 2 norm of W with respect to the foliation as Q(T, T, T, T ). It is seen to be the L 2 norm of the electric and magnetic fields of W defined through
i.e. Q(T, T, T, T ) = |E| 2 + |B| 2 . They are symmetric, traceless and null on the T direction. For the Riemann tensor in particular we have
and
The following formulae provide the components of a Weyl field with respect to the CMC foliation in terms of the electric and magnetic fields (i, j, k, l are spatial indices)
The divergence formula
and therefore
gives the Gauss equation
where Π ab =∇ a T b is the deformation tensor and plays a fundamental role in the tensor algebra. In terms of the electric and magnetic fields the components of Q abT T are written as
Controlling J and J * in L 2 and Π in H 2 is enough to control the L 2 norm of the Weyl field. The following formulas are essential when it comes to get Sobolev estimates of the Weyl field
where the operations ∧, × are defined as
The equations 34-37 above are an example of the so called elliptic Hodge systems ( [7] ). In particular under basic regularity of the background metric they make possible to get elliptic estimates.
Scaling.
Scaling is the operation allowing us to speak like "looking the system at a particular scale". It is a different operation of than coordinate scaling, as scaling a solution does changes the solution but scaling coordinate systems doesn't. Both transformations are however important when used simultaneously.
Definition 2 Given a solution g to the Einstein equations, we call λ 2 g the solution g at the scale of 1 λ and we call λ the scale factor.
We say that a CMC state (g, K) is cosmologically scaled (or normalized) if k = −3 or the same H = 1 as we will see the Hubble parameter H is equal to −k 3 . Given a state (g, K) that gives rise to a global solution g we can scale it as k 2 9 g to transform the original state (g, K)(k) into a cosmologically normalized state (
. Therefore a state (g, K) has a cosmological scale of
is a CMC state, and say U is some space time tensor constructed out of g that we are looking at the k-slice. The corresponding values of U on the same slice when we cosmologically scale the state (g, K) will be denoted with a tilde (either above or next to it) sayŨ or
In a CMC flow (g, K)(k) we can cosmologically scale the solution g at every k getting thus a flow of normalized states (g,K)(k). In the flat cone case the cosmologically scaled flow is just
and what we will call stability of the flat cone will be the stability of the cosmologically scaled solutions. In general a space time tensor will scale as λ s U for some weight s, thereforeŨ will be justŨ = (
We will indistinctly use −k 3 or H as the scale factor λ. The following table shows how some main tensors transform when g → λ 2 g.
φ is the Newtonian potential defined below.
3 Averaged evolution.
3.1 Averaged cosmological parameters and the averaging map.
We define the geometric parameters, a(k) (universe's radius), τ (k) (proper time), and H(k) (Hubble parameter) in volume average. All those parameters reduce to the standard FL parameters when the solution is homogeneous and isotropic.
Definition 3 Given an arbitrary CMC solution we define the universe's radius at an instant of time
Recalling that in the FL models the Hubble parameter is defined as H = 1 a da dτ we compute First FL equation :
2. Second FL equation : 
Observe that to make it look closer to the second FL equation, we can multiply the energy constraint before integrating by N and integrate thereafter to get
To obtain the second FL equation we observe that
On the other hand integrating the Lapse equation 16 we get
Equations 46, 47, 48 together give equation 43.
Let's restate the standard K = −1 FL models on the light of the description given above for
where V H is the volume of Σ with the hyperbolic metric g H and V is the volume with the metric a(τ ) 2 g H . Our choice of radius for arbitrary solutions has been instead a(τ ) = V 1 3 , we will make this choice in equations 49 and 50 below. We recall too that in the standard FL models the energy density and pressures are a function only of τ and for that reason they coincide with their volume averages.
Taking these facts into account the standard FL equations are 1.
2.
Observe that in the FL equation 42 instead of the curvature term −KV 2 3 H /a 2 we have the term
where the first factor in the last term of the previous equations is scale invariant and therefore equal to V 2 3 H for any metric scaled from the hyperbolic metric (so is close to it for any metric scaled from a metric close to a hyperbolic metric).
In order to establish a mathematical definition of the averaging problem in cosmology we define the averaging map from arbitrary CMC solutions into Lorentzian manifolds in the following way. It is essential in the definition above that, due to Mostow's rigidity, there is one hyperbolic metric up to diffeomorphism in a given hyperbolic manifold. That makes the definition of A(g) unambiguous.
In rough terms the averaging problem for arbitrary solutions can be stated as to whether the averaged space A(g) is "asymptotically in time close" to an exact K = −1 FL solution with the "averaged energy density and pressures" "asymptotically in time close" to the energy density and pressures of the exact FL model. One may also replace "asymptotically in time close" simply by "close" all along evolution. Physically that would be a more adequate question to ask. This definition however faces various indefiniteness, we comment on them below.
i) The first is to give a precise meaning to "averaged energy and pressures" for arbitrary solutions.
We can safely say what they are for the material fields, as material fields posses densities of pressures and energy, but it is not known what they are for the gravitational field, and presumably they can not be isolated as densities. The old question on how to define the gravitational energy which shows up all through General Relativity is present also here. A consensual definition of energy is the total ADM energy, a global term comprising the energetic content of a global system. Despite all the satisfactory the expression is, it is defined in asymptotically flat space-times and not in the context of cosmological solutions. We will argue in subsection 3.6 on the validity of the averaging problem , at least asymptotically in time, if it is assumed a compact and extended relative of the weak cosmic censorship conjecture of Penrose, conjecture stated for asymptotically flat space-times. Indeed we will analyze the averaging problem under the assumption that, under a particular model for matter at natural scales (the small structure), it happens that, generically, cosmological solutions evolve into a finite set (however large it may be) of asymptotically flat stationary solutions separating from each other, with gravitational radiation in between and if in addition we compute the "averaged energy density" as the volume-average of the ADM energies of the stationary solutions plus the volumeaverage energy of the gravitational radiation in between. Both terms, as we shall see, can safely be computed. We will call the assumption above assumption (C). The extent as to whether this idealized assumption would be applicable to the actual universe in which we live at present times is not under consideration here. However I would like to point out one aspect that immediately jumps out and that it would have to be addressed with care. Assuming that galaxies conform the individual stationary solutions, there is the issue to establish, due to the large dark halos extended over diameters many times their visible diameters, where (if somewhere) and how far the individual galaxies (including their halos) become asymptotically flat. This lack of asymptotic flatness on large neighborhoods around the visible galaxy is manifested in the well known flat rotation curves of stars with large orbital radius.
ii) A second problem in the rough definition of the averaging problem given above is to specify the equation of state of the exact FL solution from the original solution at natural scales. On the light of assumption (C) there are two situations possible, a radiative regime, of universes filled only with gravitational radiation, and a massive regime, of universes where in addition to radiation there are massive compact object (the stationary solutions). Both regimes, that we will call radiation and mass gap respectively, deserve different technical analysis. We will discuss the radiation regime in rigor and detail below in section 4. The analysis of the mass gap regime is done in subsection 3.5.
Although rigorously deduced from the assumption (C), it lacks a precise determination on the decay of the radiation term. We will return to this point later.
iii) A third problem is to define in a quantitative manner the notion of "closeness" between the averaged space and the exact FL solution. Precisely, we have to specify the scale in which the solutions are compared and a law for the asymptotic relation between them.
The Friedman-Lemaître equations and the Newtonian potential.
A remarkable fact about the averaging formalism is that the second FL equation can be written only in terms of the volume-average of the Newtonian potentialφ and consequently a(τ ), H(τ ) and z(τ ) are determined only fromφ. 
or making e = 4πG(ρ + 3p) + |K| 
or
whereφ is the volume-average of φ. This equation can be used to get an equation for H as a function
(V is the present volume and V (z) is the volume at the corresponding red shift). The relation is
One also obtains
Of course an estimation ofφ as a function of τ , z or H is needed to make use of the equations above.
The CMC energy.
We would like to define a formal quantity on CMC states on a compact manifold Σ analogous to the total ADM mass of asymptotically flat space-times. Restate the first FL equation 49 in the form
where we have defined V inf as the absolute infimum of the reduced volume V = H 3 V (g, K) among the set of all CMC states (g, K). It is known [9] , [3] that if Σ is hyperbolic V inf = V H . Ω m is defined as usual as Ω m = 8πGρ 3H 2 . Thus the density of mass ρ and the Hubble parameter H determine the deviation of the reduced volume from its absolute infimum. If 8πGρ 3H 2 ∼ 0 we get in particular the approximation
This remarkable equation, expresses the total mass M in terms only of H, G, the total volume V and the topological invariant V H . As we shall see in section 3.5 it holds too, asymptotically in time, for general models under assumption (C). Inspired on it and equation 60 we define the total CMC energy as Definition 6 Define the CMC global energy as
3.4 The ADM limit of the CMC energy: radiation.
Recall that the Hessian of the ADM energy around the flat Minkowski space-time state g = g E and K = 0 (g E is the euclidean metric) is (see for instance [8] )
where T T means transverse-traceless with respect to the flat metric g E . The Hessian of the reduced volume V was calculated in [9] . We include below a calculation of the Hessian of the CMC energy 61
based on their analysis for the sake of completeness and clarity. The Hessian of the CMC energy in the limit when k → 0 is locally the same as equation 62, the precise expression is
where the background state is (
We thus see the local vanishing of the third term on the right hand side when H → 0. Observe that the kinetic term The calculation of the Hessian is as follows. In terms of conformal variables, a state (g, K) is written as
Where g Y is a Yamabe metric of constant scalar curvature
andK Y is a transverse traceless tensor with respect to g Y . The conformal factor ϕ must satisfy the Lichnerowicz equation
We will take derivatives along a path (g, K)(λ) with (g, K)(0) = (
k g H ), which in turn can be seen as a path (g Y , K Y , ϕ)(λ). Note that ϕ(0) = 1. Recalling the derivative of the Laplacian ( [10] )
the first derivative at λ = 0 of the Lichnerowicz equation is (we are assuming δ
which shows that ϕ (0) = 0 identically. Using that fact we get
Integrating the Lichnerowicz equation and differentiating the integral equation twice gives
from which we get
Now let's compute the second term in equation 69. First we note that
To compute tr g Y g Y we will use the variation formula for the scalar curvature. As the metrics g Y are
Yamabe of scalar curvature −6
Integrating we get
for all λ. Differentiating again at λ = 0 we get
The Ricci curvature at λ = 0 is Ric = −2k
Observe that from equation 73 we have tr g(0) g (0) = 0. ∆ L is the Lichnerowicz laplacian and has the expression [10]
Using both facts and also that g is taken to be transverse we get from equation 75 that
To compute the Lichnerowicz laplacian we remember that the sectional curvature of
at λ = 0. Using the previous equation in equation 78, we get the result of equation 63 after putting together equations 72, 70, 69.
3.5 The long time ADM limit of the CMC energy: radiation and mass gap.
In this subsection we will introduce assumption (C) and show how, under that assumption, the CMC energy converges assymptotically in time to the sum of the ADM masses of the emerging stationary solutions plus a radiative term of the radiation in between. The analysis will lead us to argue in subsection 3.6 on the validity of the averaging problem in cosmology under assumption (C) and asymptotically in time. First we recall the definition of asymptotically flat stationary solution. a bound on its grow in the case they form. We want to stress that all these conditions are tentative and are not intended to be conjectural. Neither we conjecture a sort of assumption (C) to hold generically. The introduction of assumption (C), we believe, provides an starting point in the study of the averaging problem directly from the small structure of exact solutions. All these problems are,
it satisfies the stationary vacuum Einstein equationsġ
however, difficult problems in the field. Section 4 is an attempt to clarify these issues in pure radiative solutions. Now let's see how the CMC energy behaves under assumption (C). The second FL equation in terms of the CMC energy is
where σ = − ln −k is the logarithmic time. From item four and equation 80 the CMC energy converges to the term −3H
2 Σ φdv g with a difference bounded by C/t 1+ . Now let's separate the region of integration into the inside of the outer spheres and its outside. Using the Poisson equation 52 we get
where Ω int is the interior of the outer spheres and Ω ext its exterior. Due to item two in assumption (C), the second term on the right hand side of equation 81 is an O(t −(1+ ) ). The boundary term approach with an error O(t −(1+ ) ) to the sum of the ADM masses of the emerging stationary solutions. We can identify the third term on the right hand side of equation 81 is the radiative term because by item three φ → 0 pointwise on Ω ext and the radiation terms from matter and gravitation decouple. Thus we get
the total ADM mass plus the radiation energy. This is the same equation as 60 with the additional radiative term. A remark has to be said about the radiative term. In an asymptotically flat context the ADM energy is a conserved quantity, therefore the radiative contribution to energy measured as the difference between the asymptotically Bondi energy and the ADM energy would be a definite non-zero amount. In other words there is a definite amount of radiative energy that forms part of the ADM energy. In our context, that amount would form part of the radiative term R. Further work is needed to show that, indeed there may exist a non vanishing residual radiative energy in the R term.
We will use the total CMC energy in section 4 to give a rigorous estimation of the gravitational energy in the long time for radiative solutions. 
The averaging problem in cosmology.
We will discuss here the implications of assumption (C) for the averaging problem in cosmology.
we rewrite the second FL equation in the form
The integrand is the same as in equation 80 therefore we can decompose the integration as we did in equation 81. Note that if in equation 80 we write 3H
2 Σ φdv g = −3tVφ, we get because of item four in assumption (C) and the fact that the reduced volume is monotonically decreasing and bounded below by V H thatφ =
. This gives the estimation that the factor 1 +φ in the denumerator of equation 83 behaves as 1 + O(t −1 ). All together gives (85) whereM ADM is the volume average of the sum of the ADM masses of the emerging stationary solutions, andR =ρ rad + 3p rad +ρ G + 3p G whereρ rad ,p rad andρ G ,p G are the volume average of the energy and pressure densities of material and gravitational radiation respectively. Equation 85 is a differential equation in τ , however the estimate on its right hand side is in terms of t = 1/H. We thus complement this equation with a differential equation for τ as a function of t. From the defining equation of τ we get the equation
Equations 85 and 86 are the main equations for the averaging problem under assumption (C) and asymptotically in time. We remark that still the Einstein equations have to be used in full, to provide an estimation of the radiative termR. The next section intends to provide these estimates in the case M ADM = 0, i.e. a purely radiative solution.
4 Long time smoothing and estimates on the gravitational energy: radiation.
We will use the notation H s for the Sobolev space with s derivatives and H s g H for the Sobolev space where the norms and covariant derivatives are calculated via g H (see [3] ). We will prove here Theorem 1. The proof is a natural extension of the analysis in [6] .
Theorem 2 (Expansive smoothing and energy estimates). Let Σ be a compact and rigid hyperbolic manifold. There is an > 0 such that the Einstein CMC flow of a cosmologically scaled initial state (i.e. with H = 1) (g, K) with V − V inf ≤ andẼ 1 ≤ has the following long time properties (take t = 1 H ):
there are n
Proof of theorem 1. We start by recalling a result from [6] that will be useful to prove items 1 and 2 in theorem 1.
Lemma 1 1 Let Σ be a compact and rigid hyperbolic manifold. There are C and 0 such that if a cosmologically normalized CMC state (g, K), where g is harmonic with respect to g H , is -close to
g H topology, with ≤ 0 then there is a constant C (dependent on 0 ) such that
We get therefore the elliptic estimate for the Newtonian potential φ =N = k 2 N 3 − 1 from the lapse equation
To extract conclusions on the decay of the Sobolev norms of the cosmologically normalized states we will make use of the fact proved in [3] that under the conditions of the last lemma, 0 andẼ i−1 controls the difference of the states in H 
with c a constant greater than zero. It follows therefore thatẼ 1 decays faster than the solution x(σ)
to the following ordinary differential equation and same initial condition
This is a Bernoulli type of equation that can be solved by making the change of variables v = x which gives the differential equation
having the solution v = 1 2 + Ae σ . This implies that
which results in the following decay ofẼ 1
Observe that if σ 0 is big enough then we get the bound
Now we prove item 1 in theorem 1. From the Gauss equation and Lemma 1 and the above estimate forẼ 1 we get an evolution equation forQ 0 of the form
where h(σ) is a function which is bounded in absolute value by
Therefore we get the following expression forQ 0
Clearly the integral in h has a limit when σ → ∞. If the term in parenthesis on the right hand side has limit different than zero then we are done as then
Let's see that the limit cannot be zero. If that happens then we have for all σ
The integral is negative for all σ (Q 0 is positive) and goes to zero as σ → ∞. Then there is a diverging sequence {σ i } such that for all σ ≥ σ i we have
making theñ
for all σ ≥ σ i . Using again the Gauss equation, Lemma 1 and the estimate above we get an evolution equation forQ 0 (σ) of the same form as in equation 96 with h instead bounded in absolute value by
0 (σ i )e −3(σ−σi) . It thus gives an expression forQ 0 of the form
To see that lim σ→∞Q0 e 2σ > 0 we note the following bound for the integral term in the equation 103
which tends to zero as σ i → ∞. This is a contradiction, thus the limit must be positive.
Item 2. Now we prove item 2. By induction we will be able to get an equation forẼ i (σ) of the form
where h (σ) and h(σ) are functions bounded in absolute value by C σ n e −σ and Cσ n e −σ for some C , C and n , n constants. It follows after making the change of variable v =Q 1 2 i thatQ i can be bounded by an expression of the form
for some constant C.
Lemma 2 Suppose that a solution to the CMC flow (g, K) has
for j = 0, . . . , i ≥ 1, thenQ i+1 satisfies an equation of the form 105 and therefore satisfies an asymptotic of the form 107 for j = i + 1.
Proof: We start with the differential inequality forQ i .
A useful trick for the calculations that follow is to write
where the β inside the derivative on the right hand side is taken constant equal to its value at the time of differentiation. Thus we are calculating the k-derivative of the cosmologically scaled solution at k = −3. Putting all together we get
We are going to study the derivatives dQi dk of perturbation of the canonical flat cone state (g H , −g H ) at k = −3. From the Gauss equation we have
We will say that a term is an O(σ) if it can be bounded in absolute value by a term of the form Cσ n e −σ for some natural number n. Let's start by analyzing the first term on the right hand side of equation 111. Makinĝ
we get
Using Lemma 1 and the estimate onẼ 1 above we get the term
Now we estimate the second term in equation 111, and therefore we need estimates ofJ andJ * . We will do the calculations only for J, those for J * proceed in exactly the same way. We note first the following inductive formula for J
As said above and as we will explain in a moment all other terms are going to count as O(σ) or
i therefore we would get, putting equations 110,115 and the last estimate together we get
as we wanted in the induction. To discuss the other terms then we start by recalling some propositions from [3] restated in a different form for convenience of the article.
Lemma 3 Let (g, K) be a CMC flow on a rigid hyperbolic manifold Σ. Suppose that the initial cosmological state is -close to the standard flat cone state (g H , −g H ) as in Lemma 1 then (all derivatives below are taken at k = −3)
are controlled by E i+j−1 .
2.
(
i ≥ 0.
where the first sum is among the set k ≤ i+h−1, m 1 ≥ . . . ≥ m s ≥ 1 and j n j (1+m j )+l+k = i+h, while the second is among the setm 1 ≥ . . . ≥m s ≥ 1 and jñ j (1 +m j ) +k +l + q = i + h − 1.
Now we prove the following Lemma.
Lemma 5 Let (g, K) be a CMC solution. Suppose for a given value of i there are n i and C i such
2. There are n ij and
Proof 
with q ≤ i − 1. Now Sobolev embeddings give i by the same kind of arguments as in Lemma 5. To bound the terms in 1. in the same way we need the following form of
where the first sum is among the set m 1 ≥ . . . ≥ m s ≥ 1 and j n j (1 + m j ) + l + k = i + j, while the second is among the setm 1 ≥ . . . ≥m s ≥ 1 and jñ j (1 +m j ) +k +l + q = i + j − 1, which can be easily proved by induction by using equation
This finishes the induction in Lemma 2.
Items 3 and 4. The estimate from above in item 4 comes from Lemma 1. The item 3 or the estimate from below is more involved, the argument is as follows.
Lemma 6 For any
We can prove item 3 by making use of the Lemma 6. First, the derivative of the reduced volume
If we integrate it from σ to ∞ and use lemma 6 above we get the following inequality
( Σ |K| 2 dvg)dσ the inequality 138 is written as
which after integration gives the left hand side inequality in item 3.
Proof of Lemma 6. First we note that the estimate forÑ − 1 3 is deduced from Lemma 1. For the second estimate it may be deduced from the calculation of the Hessian of the energy that we did before, however we will follow a direct estimate from the Lichnerowicz equation. We argue as follows.
Say g = φ 4 g Y where g Y is the unique metric in the conformal class of g having scalar curvature −6.
Then φ satisfies
The maximum principle gives φ ≥ 1. Makingφ = φ − 1 rewrite equation 140 as
At the point where φ orφ is maximum we havē φ ≤ 1 12
Also note that
which gives
Writing φ 6 − 1 = (φ − 1)(φ 5 + φ 4 + φ 3 + φ 2 + φ + 1) we get
Integrating equation 140 we get
Under the assumptions we have and using equation 143 2 V ol(Ω) which diverges when λ → ∞ which is a contradiction.
This proves item 2, to prove item 3 we argue as follows. .
We have that an upper bound on the left hand side in the last equation implies an upper bound for the H 1 norm of ϕ, for if not we have Σ ϕ 6 dv g H → ∞ which would make the numerator of the right hand side diverging in λ, but we know Σ ϕ 6 dv g H diverges which is a contradiction.
6 Summary and open questions.
We have introduced the notion of general K = −1 cosmological model as a formal definition allowing to study cosmological notions in arbitrary solutions of the Einstein equations. This gave us a framework to study general cosmological solutions in a cosmological language. The approach may be applicable to models other than general K = −1 cosmological models, i.e. models with different spatial topologies. Thinking on the averaging problem in cosmology we have defined volume-averaged cosmological parameters and an averaging map: a correspondence between arbitrary solutions and homogeneous and isotropic Lorentzian spaces. Those concepts allowed us to give a precise mathematical formulation of the averaging problem in cosmology. In another section and aiming at the start of a rigorous analysis of cosmological evolution from the solutions at the natural scale, (i.e. including the small scale), we have introduced assumption (C) which precisely describe a certain class of solutions.
Those solutions are divided into two main subclasses: radiative and mass gap. We have given a detailed description of the full structure of the radiative solutions. We have also analyzed the averaging problem in cosmology in precise quantitative terms for mass gap solutions. The attemp may be considered as a first step towards the ideal goal of attacking the averaging problem in cosmology directly from the solutions at the small scale. Finally we constructed initial "big-bang" states of arbitrarily large gravitational energy, showing that, apriori there is no mathematical restriction to assume the gravitational energy to be low at the beginnings of time. 
